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Abstract Measuring the kinetics of antigen-antibody

bindings we found an unexpected effect that can be

explained by an automatic long distance detection of

antigens by antibodies over up to 2 mm. We have devel-

oped a theory based on phase locking of THz waves, which

leads antibodies automatically to their antigens. A mathe-

matical proof of principle is done.
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Unexpected kinetics of antigen-antibody bindings

In the research project ANDREA-Quant1 we made mea-

surements with the prototype of a submonolayer ellips-

ometer.2 The clean surface of a silicon wafer was cleaned

with hydrofluoric acid (HF) to remove the natural SiO2

layer. Then recombinant ARA H2 antigens (peanut allergy)

of the same size were coupled without chemicals directly to

the silicon surface. In air we measured an antigen layer

thickness of about 1 nm; in liquid the thickness increased

to 2.71 nm. The antigen-covered silicon target was put into

a 1 ml cell for making measurements. Human antibodies

(IgE) were put into the cell, and the binding was measured

directly without labeling of the antibodies. Figure 1 shows

the measured binding kinetic. If the binding were a sto-

chastic effect as expected from classical binding theory, we

would expect a binding characteristic as shown in the curve

(1). But this model does not fit the measured binding

kinetic. Assuming that there is a long distance force that

gives a binding command to all antibodies within a defined

reach from the antigens, we would have a kinetic that is

defined by a straight line (2a) followed by an exponential

binding characteristic (2b) as simulated by the black curve,

which fits the measured kinetic (gray curve) very well. The

same behavior was found for recombinant ARA H6 anti-

gens (peanut allergy) and their antibodies, and for anti-

myeloperoxidase autoantibodies (IgG and IgM of an

autoimmune disorder) and their antigens. The measured

linear binding kinetics can’t be an artifact caused by

measurement; it must be a systematic effect produced by

the antibody-antigen interaction, because each single

component of the ellipsometer was checked.

The submonolayer ellipsometer used for the measure-

ments has an error corrected step motor with 360,000 steps

per rotation (Kloppenburg and Riß 1992) and works with a

stepping rate of 720,000 steps/s. The errors are measured in

the complete 360� range with an angular encoder (Type

RON, Heidenhain), contact free, in an optical box (a HeNe-

laser beam is used as optical coupling between the motor

and encoder, so that no mechanical moment exists between
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1 The Andrea-Quant project was a project in cooperation with W.-M.

Becker (clinical diagnostics, Research Center Borstel, Germany). The

aim of this project was to create a new type of unfailing diagnostics.

The recombinant ARA-H2 and ARA-H6 antigens used in this project

were produced by the research group of W.-M. Becker. The project

was sponsored by Technologiestiftung Schleswig-Holstein.
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Germany. The submonolayer ellipsometer technique was honored in

1995 with the Schmidt-Römhild Technology Award for being the first

technique able to measure submonolayers correctly. The experience

with the ellipsometer described in this paper led to the development of

the Enhanced EL X-02B III Ellipsometer, which already has software

for up to five overlapping binding curves and special simulation

software for calculating submonolayer mixtures. Contact address:
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the step motor and angle encoder). To increase the preci-

sion of the encoder, the internal coupling of the encoder

was error corrected. The step motor errors measured with

this system were stored in a file that is used by the

instrument for error correction. After correction the step

motor has a long time precision of ±0.002�. Heating the

motor by 40 Kelvin reduces precision to ±0.003�. All

measured data of the ellipsometer are based on the preci-

sion of this step motor. No calibration standards are needed

for error correction or linearization. The instrument’s

detector has a dynamic range of 1:4,000,000. The only

variable values for a calibration are the 0� reference plane

and the polarization of the incident laser beam. The 0�-

plane definition is prepared by aligning a horizontal plane

with the laser beam and a quadrant diode in the detector.

With an angle of incidence of 70�, the laser beam hits a

plane silicon sample, so that the reflected beam hits the

quadrant diode in the detector. The alignment table with

the silicon sample can now be aligned with a precision of

0.001� to the plane, which is orthogonal to the plane

spanned by the laser beam. Then a polarizing prism with a

measured extinction ratio of 2.3 9 10-7 is put on the sil-

icon sample, and the angle of incidence is changed to the

transmission mode (angle of incidence: 90�). The polari-

zation is measured. Taking the angle error of the prism into

account, this measurement defines the -45� orientation.

From this the 0�-orientation is calculated for the step

motor. In the next step the polarization of the incident light

is measured directly without a prism in transmission mode.

This value is also stored and will be used when measuring

samples. All measurement data are related to absolute

physical quantities. This makes the instrument independent

of sample types. Reference samples are only used for

checking whether this method works or not. Relevant for

possible errors is the long-term stability of the step motor.

The submonolayer ellipsometer accepts a measured value

only after two internal measurements have given the same

result. This is part of an internal procedure to measure

intensity minima with 0.001� reproducibility (±0.002�
error). Several institutions and companies have checked the

instrument type very intensively.3

A possible error source for the measurements is the cell

in which the binding kinetics was measured. Glass win-

dows always show optical anisotropy, which influences the

measurement result. The transmission behavior of the glass

windows can be described by four optical transmission

ellipsometric quantities, D, W, u and q (Holzapfel and Riss

1987; Riss and Holzapfel 1988). To get correct results, it is

a must to make an error correction. The required error

correction function had already been implemented in the

software of the ellipsometer, so this error source had no

influence on the results. To be sure that the measured

kinetics is not caused by a measurement error artifact, we

simulated the influence of possible errors on the measured

kinetics (the ellipsometer is equipped with software that

makes this error simulation possible), but we did not find

any error source that could explain the measured kinetics.

After reducing the cell volume from 1 ml to 0.02 ml, the

cell had only a small thickness so that the distance of each

antibody to the surface with antigens was 2 mm or less. In

this cell we found only a straight line as binding kinetics.

The binding stopped abruptly, which was not expected

from classical binding theory. This only makes sense if the

long distance interaction has a reach of 2 mm or more.

From this we concluded that the reach of the long distance

force can be 2 mm or more.

However, we found this long distance force only for

unlabeled antibodies; it was not measured for labeled

antibodies. Figure 2 shows the binding characteristics of

ARA H2 anti-antibodies with bound 40-nm gold particles

to human ARA H2 antibodies. In this case the binding can

be explained by the classical theory of stochastic binding.

This measurement was started only 1 min after the mea-

surement shown in Fig. 1 was stopped. Therefore, we are

sure that the ellipsometer was working under the same

conditions as for the first measurements (Fig. 1).

Fig. 1 Binding kinetic of human antibodies to recombinant ARA H2-

antigens

3 Several institutions and companies have made tests with the

ellipsometer.

The following tests have been made:

1. The instrument was tested with a large number of standard

reference wafers (SiO2/Si) in the thickness range 10–200 nm.

2. One to 20 cellulose monolayers (0.6 nm monolayer thickness)

were put on a silicon wafer to check the linearity in the thickness

range 0–12 nm.

3. Cellulose monolayers were put on a glass surface to check the

refractive index of cellulose.

4. The native SiO2 layer of a pure Si wafer was removed, and the

kinetics of the oxidation process (0.7 nm in 1 h) was compared

with the expected theoretical behavior.
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To check our measurements with a second method, the

sample was taken and analyzed with an atomic force

microscope (AFM). The 40-nm gold particles can be seen

very well with this type of instrument. We found seven

gold particles in an area of 2.5 lm 9 2.5 lm, which is

absolutely consistent with data measured with the

ellipsometer.

We found that there is a systematic difference in binding

kinetics between labeled und unlabeled antibodies. Unla-

beled antibodies bind significantly faster, and they have

linear binding kinetics. Labeled antibodies show expo-

nential binding kinetics as expected from the classical

theory of stochastic binding. This reproducible behavior

can be explained by a long distance force that only exists

for unlabeled antibodies. Figure 3 shows how our mea-

sured data can be interpreted.

All unlabeled antibodies within a communication reach

will get the command to swim to the antigen at the same

time. This leads to a linear binding characteristic if the

antibodies are equally distributed in the solution as start

condition. All antibodies that get the command to swim to

the antigens will move with the same speed to the antigen,

independent of their distance from the antigens. All anti-

bodies outside of the communication reach will act sto-

chastically. In contrast to unlabeled antibodies, labeled

antibodies have a stochastic binding behavior. They are not

able to swim with constant speed to the antigen.

For labeled antibodies, we get a binding kinetic that can

be described by:4

TðtÞ ¼ 1

c

Z t

0

kD ka Cmax � CðtÞð Þ � c0 � kdCðtÞ½ �
ka Cmax � CðtÞð Þ þ kD

� �
dt ð1Þ

with T(t): layer thickness in dependence of time, kD: dif-

fusion rate constant, ka: association constant, kd: dissocia-

tion constant, Cmax: maximal load of surface, C(t): actual

load of surface, c0: start concentration and c: specific

weight.

For unlabeled antibodies we get:

TðtÞ ¼ kl � t t� t0f g

TðtÞ ¼ kl � t0 þ
1

c

Z t

t0

kD ka Cmax � CðtÞð Þ � c0 � kdCðtÞ½ �
ka Cmax � CðtÞð Þ þ kD

� �
dt

t [ t0f g ð2Þ

kl is a linear binding constant, and t0 is the time in which all

antibodies that are in the communication reach are bound

to the antigens.

For the time range (0 B t B t0) or, in other words, within

the communication reach, binding of unlabeled molecules

cannot be described by an affinity constant. We found that

all unlabeled molecules that are in the communication

reach are binding, which was not expected! This means, if

there is only one antibody within the communication reach

of the antigen, it will move to the antigen and bind.

The following is already known from proteins:

• Proteins have local electrical charges

• Proteins show THz oscillations that have an influence

on surrounding water molecules

It is known that the electrical charges (coulomb for-

ces) of proteins are able to influence the binding process

if the distance to the target molecule is less than 2 nm

(Pellegrini and Doniach 1993). But static coulomb forces

are not big enough to bring a molecule to its target over

a distance of 2 mm. By use of terahertz spectroscopy, it

was shown that proteins oscillate with frequencies in the

terahertz frequency range (Gruebele et al. 2008; 2010;

Ebbinghaus et al. 2010). It is also known that this

oscillation brings water molecules to systematic

oscillation.

So we created a theory for antigen-antibody interaction

that is able to explain the mechanisms of long distance

detection of antigens by antibodies.

For better understanding, this theoretical model is split

into the following components:

1. Mass-spring model of an antibody

2. Mathematical proof of phase locking of electric THz

fields

3. Calculation of oscillation

4. Synchronous rotation of the antibody

Fig. 2 Binding kinetics of gold-labeled anti-antibodies to human

ARA H2 antibodies

4 This equation comes from E-learning units of FIZ Chemie GmbH.

The in this E-learning unit described quantity
oCðtÞ

ot is transformed to

thickness information via TðtÞ ¼ 1
c

R t

0

oCðtÞ
ot dt http://www.chemgapedia.

de/vsengine/vlu/vsc/de/ch/13/vlu/kinetik/affinitaet/affinitaetsreaktionen.

vlu/Page/vsc/de/ch/13/pc/kinetik/affinitaet/massentransp1.vscml.html.
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5. Effect of the moment of inertia

6. Required molecular size of oscillators

Mass-spring model of an antibody

Figure 4 shows our model of an antibody based on the real

molecular structure of an antibody. We have only made

simplifications.

The electrical charges are oscillating like a tuning fork

in phase. There is an electrical coupling of both antibody

arm oscillators. This electric coupling is reduced by the

springs so that the system can detect an external oscillator.

Otherwise, the electric coupling would be too strong for

detecting external electric fields. The springs are located in

the elastic hinge region of a real antibody. In two steps we

simplified this model (Fig. 4) to the simplified model

shown in Fig. 5.

The realistic model in Fig. 5 enables two oscillation

frequencies per antibody. Real antibodies can have more

arm oscillators, each disulfide bridge can be, but must not

be the basis for an oscillator. The antibody is permanently

supplied with energy by hits from parts (m1, m4) that are

part of Brownian movement. The principle of energy

Fig. 4 Mass-spring model of an antibody

Fig. 5 Simplified mass-spring model of an antibody. m: mass, m1,

m2: mass of parts in liquid (Brownian movement), m3: mass of heavy

chain, m2: mass of light chain, M: mass of rest of antibody, q:

electrical charge, c1, c2, c1a, c1b: spring constants, aReal: arm angle of

the realistic model, a: arm angle (both arms have same angle), a1, a2:

arm angles (both arms have different angles)

Fig. 3 Difference between

unlabeled and labeled

antibodies
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supply is described in Appendix 1. The hits of parts from

Brownian movement are driving the antibody. An antibody

with a heavy and light chain always has a forward move-

ment in the direction of the heavy chains (m3). The phys-

ical principle is described in Appendix 2. Steering of the

antibody is possible if the spring characteristic between the

heavy and the light chain is progressive non-linear (Fig. 5).

The forward movement is bigger for that antibody arm

where the oscillation amplitude is smaller. The principle is

explained in Appendix 3.

To avoid unwanted amplitude modulations, each

frequency of an oscillator must be similar, harmonic or

sub-harmonic to the other oscillator frequencies. The

simplified model we used for calculation only has one

frequency. This simplified model is used for the mathe-

matical proof of principle. It should be noted that the sides

of the simplified model are exchanged compared to the

realistic model and that the arm angles have the rela-

tionship: aReal = 90� - a. This means the right side of the

simplified model corresponds with the left side of the

realistic model.

Mathematical proof of phase locking of electric

THz fields

Compared to the realistic model (Fig. 5), it is very simple

to calculate this simplified model. Figure 6 shows all

quantities that are necessary for the calculation.

For the interaction force F0 between the two oscillating

masses of the antibody, we get:

F0 ¼ �F0ðGÞ þ F0ðEÞ ¼
�Gcorr � m2 þ kcorr � q2

D2
ð3Þ

with F0(G): Gravitation force, F0(E): Coulomb force, m:

Mass, q: Electrical charge, D: Optical distance.

Gcorr ¼ G � nTHz

G ¼ 6:67428 � 10�11 Nm2

kg2

kcorr ¼ ke � e�kTHz

ke ¼ 8:987551787 � 109 Nm2

C

nTHz: Real part of refractive index of the ambient

medium; kTHz: imaginary part of refractive index of the

ambient medium.

The gravitation force component F0(G) and the coulomb

force component F0(E) have different directions.

After splitting the force F0 in components in x1 and x2

direction, we get for the forces F0(x1) and F0(x2):

F0ðx1Þ ¼ �F0 sin a � cos h� cos a � sin hð Þ

F0ðx1Þ � �F0 � sin aþ F0 cos a
x1 � x2

2l � tan a

ð4Þ

Fig. 6 Definition of quantities for the simplified antibody model.

With x1: Position in direction of oscillation; x2: position in direction

of oscillation; y1: position in direction of oscillation (used for

equation of movement); y2: position in direction of oscillation (used

for equation of movement); y: position in direction of spring c2 (used

for equation of movement); c1: spring constant; c2: spring constant;

F0: interaction force of electrically charged oscillating masses of the

antibody; F0(x1): force component of F0 in x1 direction; F0(x2): force

component of F0 in x2 direction; F1: interaction force of electrically

charged oscillating masses of the antibody and antigen; F2: interac-

tion force of electrically charged oscillating masses of the antibody

and antigen; F1(x1): force component of F1 in x1 direction; F2x2):

force component of F2 in x2 direction; m: mass of the oscillating

component of the antibody; M: mass of the oscillating component of

the antigen; q: electrical charge of antibody masses; Q: electrical

charge of antigen mass; D: optical distance of electrically charged

masses of the antibody; d: optical distance between antigen and

antibody; d1,d2: optical distance between antigen mass and antibody

mass; z: physical distance between antigen and antibody; z1,z2:

physical distance between antigen mass and antibody mass; a: angle

of the antibody arm; b: angle of the antigen mass; d: angle between

d and d2; h: angle related to force F0; c: angle between d and d1; l:
length of spring. Lost force is a force that is orthogonal to x1 or x2 and

is not taken into account for calculation

Eur Biophys J (2011) 40:987–1005 991
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F0ðx2Þ ¼ �F0 sin a � cos hþ cos a � sin hð Þ

F0ðx2Þ � �F0 sin a� F0 cos a
x1 � x2

2l � tan a

ð5Þ

For coupling of charges the differential quotients
oF0ðx1Þ

ox2

and
oF0ðx2Þ

ox1
are relevant. They can be calculated as:

oF0ðx1Þ
ox2

��2 nTHzð Þ2sin3 a 2l�x1�x2ð Þ �GCorrm
2þkcorrq

2ð Þ
D4

�cosa
�GCorrm

2þkcorrq
2ð Þ

2l � tana �D2
ð6Þ

oF0ðx2Þ
ox1

� �2 nTHzð Þ2sin3 a 2l� x1 � x2ð Þ

�GCorrm
2 þ kcorrq

2ð Þ
D4

� cos a
�GCorrm

2 þ kcorrq
2ð Þ

2l � tan a � D2

ð7Þ

It follows:
oF0ðx1Þ

ox2
� oF0ðx2Þ

ox1
:

The complete mathematics for calculation of
oF0ðx1Þ

ox2
and

oF0ðx2Þ
ox1

are shown in Appendix 4.

The forces between antibody and antigen F1, F2 and

their differential quotients
oF1ðx1Þ

ox1
and

oF2ðx2Þ
ox2

can also be

calculated in a simple manner.

If the optical distance d to the antigen is long in relation

to D, it can be simplified:

c � 0�

d � 0�

d1 ¼ nTHz � z1 � d2 ¼ nTHz � z2 � d ¼ nTHz � z
F1j j
F1

¼ F2j j
F2

ð8Þ

nTHz: Real part of the refractive index of the ambient

medium.

Then we get for the forces F1 and F2 and the force

components F1(x1) and F2(x2):

F1 �
�GcorrM � mþ kcorrQ � q
ðd þ x1 � nTHz cos aÞ2

F1ðx1Þ �
�GcorrM � mþ kcorrQ � q
ðd þ x1 � nTHz cos aÞ2

cosðaþ cÞ
ð9Þ

F2 �
�GcorrM � mþ kcorrQ � q
ðd þ x2 � nTHz cos aÞ2

F2ðx2Þ �
�GcorrM � mþ kcorrQ � q
ðd þ x2 � nTHz cos aÞ2

cosða� cÞ
ð10Þ

After differentiation we obtain from (9) and (10):

oF1ðx1Þ
ox1

� �2nTHz �GcorrM �mþ kcorrQ � qð Þcosa � cosðaþ cÞ
d3

ð11Þ

oF2ðx2Þ
ox2

� �2nTHz �GcorrM �mþ kcorr �Q � qð Þcosa � cosða� cÞ
d3

ð12Þ

Appendix 5 shows the calculation of the differential

quotients
oF1ðx1Þ

ox1
and

oF2ðx2Þ
ox2

with more details.

The equation of motion received from Fig. 6 gives:

m€x1 þ c1ðx1 � y1Þ þ c2yþ oF0ðx1Þ
ox2

x2 þ
oF1ðx1Þ

ox1

x1 ¼ 0

m€x2 þ c1ðx2 � y2Þ þ c2yþ oF0ðx2Þ
ox1

x1 þ
oF2ðx2Þ

ox2

x2 ¼ 0

with:

y ¼ y1 cos a ¼ y2 cos a

x1c1 cos aþ x2c1 cos a ¼ yc2

y ¼ c1 cos a
c2

ðx1 þ x2Þ ð13Þ

Important is that
oF0ðx1Þ

ox2
and

oF0ðx2Þ
ox1

are negative because

kcorrq
2 � Gcorrm

2. So the strong electrical coupling of

the antibody arms is compensated for by spring c2. This

makes phase locking to external electromagnetic fields

possible.

With the mathematical substitutions x1 ¼ A1ekt and

x2 ¼ A2ekt we get from (13) the eigenvalue equation for k:

mk2 þ c1 1þ cos a� c1

c2

� �
þ oF1ðx1Þ

ox1

� �� �

� mk2 þ c1 1þ cos a� c1

c2

� �
þ oF2ðx2Þ

ox2

� �� �

� c1

c1

c2

� cos a

� �
� oF0ðx2Þ

ox1

� �

� c1

c1

c2

� cos a

� �
� oF0ðx1Þ

ox2

� �
¼ 0 ð14Þ

How we obtained this equation is shown in Appendix 6.

With the simplifications c & 0� and
oF0ðx2Þ

ox1
¼ oF0ðx1Þ

ox2
and

the replacements:
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k1 ¼ c1 1þ cos a� c1

c2

� �
þ oF1ðx1Þ

ox1

¼ c1 1þ cos a� c1

c2

þ oF1ðx1Þ
ox1 � c1

� �

k2 ¼ c1 1þ cos a� c1

c2

� �
þ oF2ðx2Þ

ox2

¼ c1 1þ cos a� c1

c2

þ oF2ðx2Þ
ox2 � c1

� �

k3 ¼ c1

c1

c2

� cos a

� �
� oF0ðx2Þ

ox1

¼ c1

c1

c2

� cos a

� �
� oF0ðx1Þ

ox2

k3 ¼ c1

c1

c2

� cos a� oF0ðx2Þ
ox1 � c1

� �

¼ c1

c1

c2

� cos a� oF0ðx1Þ
ox2 � c1

� �

ð15Þ

we get the more compact eigenvalue equation from (14):

mk2 þ k1

� �
� mk2 þ k2

� �
� ðk3Þ2 ¼ 0

detð �TÞ ¼ k4 þ ðk1 þ k2Þ
m

k2 þ k1k2 � ðk3Þ2

m2
¼ 0

ð16Þ

This equation can be solved.

) k2
1;2 ¼ �

ðk1þ k2Þ
2m

	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1þ k2Þ

2m

� �2

�k1k2�ðk3Þ2

m2

s

) k2
1;2

¼
ð�k1� k2Þ	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2þ 2k1k2þðk2Þ2� 4k1k2þ 4ðk3Þ2

q

2m

) k2
1;2 ¼

ð�k1� k2Þ	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2� 2k1k2þðk2Þ2þ 4ðk3Þ2

q

2m

ð17Þ

The imaginary eigenvalues ki can be transferred to

real angular frequencies xi. This is a commonly used

method.

k1 ¼ 	i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1 þ k2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2 � 2k1k2 þ ðk2Þ2 þ 4ðk3Þ2

q

2m

vuut

k2 ¼ 	i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1 þ k2Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2 � 2k1k2 þ ðk2Þ2 þ 4ðk3Þ2

q

2m

vuut

x1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1 þ k2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2 � 2k1k2 þ ðk2Þ2 þ 4ðk3Þ2

q

2m

vuut

x2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1 þ k2Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2 � 2k1k2 þ ðk2Þ2 þ 4ðk3Þ2

q

2m

vuut
ð18Þ

The coupled oscillator system has a terahertz angular

main frequency that is x1þx2

2
. This is the oscillation

frequency of the charged masses. If phase locking has

not taken place, oscillation energy moves from one

antibody arm to the other, which creates an amplitude

modulation with an angular frequency of x2�x1

2
. If phase

locking takes place the oscillator amplitudes are frozen

(x1 = x2); no amplitude modulation exists. Both oscillator

arms are oscillating with frequency x1þx2

2
and both arm

oscillators do not exchange energy. The frequency for

energy exchange is now x2�x1

2
¼ 0 which should be defined

as phase locking.

Now the boundary condition for phase locking is

x1 = x2. We get from (18):

k1 ¼ k2

k3 ¼ 0
ð19Þ

k1, k2 and k3 are defined in (19). It follows for the boundary

condition of phase locking from Eq. 14:

k3 ¼ c1

c1

c2

� cos a� oF0ðx2Þ
ox1 � c1

� �
¼ 0

) a ¼ arccos
c1

c2

� oF0ðx2Þ
ox1 � c1

� �

k1 ¼ c1 1þ cos a� c1

c2

þ oF1ðx1Þ
ox1 � c1

� �
¼ k2

¼ c1 1þ cos a� c1

c2

þ oF2ðx2Þ
ox2 � c1

� �

) oF1ðx1Þ
ox1

¼ oF2ðx2Þ
ox2

ð20Þ

These equations can be solved, which means phase locking

is possible if the antigen is straight ahead and the arm angle

a can be moved. The arm angle position depends on the

strength of the
oF0ðx2Þ

ox1
signal.

The antibody arms must have different arm angles a1

and a2 if the antigen is not straight ahead. Instead of Eq. 15

we have now:
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k1¼ c1 1þcosa1�
c1

c2

þoF1ðx1Þ
ox1 �c1

� �

k2¼ c1 1þcosa2�
c1

c2

þoF2ðx2Þ
ox2 �c1

� �

k3¼ c1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1

c2

�cosa1�
oF0ðx2Þ
ox1 �c1

� �
� c1

c2

�cosa2�
oF0ðx1Þ
ox2 �c1

� �s

with:

oF0ðx2Þ
ox1

6¼oF0ðx1Þ
ox2

ð21Þ

The phase locking condition is now:

k3¼

c1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1

c2

� cosa1�
oF0ðx2Þ
ox1 �c1

� �
c1

c2

� cosa2Þ�
oF0ðx1Þ
ox2 �c1

� �s
¼ 0

) cosa1¼
c1

c2

�oF0ðx2Þ
ox1 �c1

� �

) cosa2¼
c1

c2

�oF0ðx1Þ
ox2 �c1

� �

k1¼ c1 1þ cosa1�
c1

c2

þoF1ðx1Þ
ox1 �c1

� �
¼ k2

¼ c1 1þ cosa2�
c1

c2

þoF2ðx2Þ
ox2 �c1

� �

) cosa1� cosa2¼
oF2ðx2Þ
ox2 �c1

�oF1ðx1Þ
ox1 �c1

) oF0ðx1Þ
ox2 �c1

�oF0ðx2Þ
ox1 �c1

¼ oF2ðx2Þ
ox2 �c1

�oF1ðx1Þ
ox1 �c1

ð22Þ

In this case phase locking of electric fields is also

possible, but the angles a1 and a2 are different. Important is

that
oF2ðx2Þ
ox2�c1

� oF1ðx1Þ
ox1�c1

depends on the angles a1 and a2, and the

optical distance d to the antigen. From the point of

mechanical closed loop control of the antibody, it makes

sense that the quotients
oF2ðx2Þ
ox2�c1

and
oF1ðx1Þ
ox1�c1

are independent of

the distance to the antigen. From (11) and (12) we now get

for c � 0:

oF1ðx1Þ
ox1 � c1

��2nTHz �GcorrM �mþ kcorrQ � qð Þcos2 a2

c1 � d3

oF2ðx2Þ
ox2 � c1

��2nTHz �GcorrM �mþ kcorrQ � qð Þcos2 a1

c1 � d3

ð23Þ

To get independence from the distance d to the antigen,

it should be:

cos2 a
d3
� cos2 a1

d3
� cos2 a2

d3
� constant ð24Þ

This is the case if the angle a (a1, a2) is adapted to the

distance d. When the antibody moves to the antigen, the

arm angle a (a1, a2) increases and the arm angle aReal

decreases. Directly before the antigen is reached the arm

angle a (a1, a2) has its biggest value, which means that the

angle aReal of the real antibody has its smallest value. This

makes the binding process easier, because the binding area

of the antibody is brought to the antigen. Now static

coulomb forces (Pellegrini and Doniach 1993) can

influence the rest of the binding process.

So we can resume: On the way to the antigen, the

antibody has information on the angle position of the

antigen and the distance to the antigen. The long distance

interaction reduces the distance between antibody and

antigen, so that static coulomb forces [4] are able to

influence the binding process. At least molecular forces are

overtaking the binding process.

Calculation of oscillation

So far we have calculated the condition for phase locking,

but the calculation of the oscillation equations also gives

interesting information.

For the frequency x1, we get from the eigenvalue

equation the following relevant relationships (see Appen-

dix 7):

A1 ¼ �
2k3

�k1 þ k2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2 � 2k1k2 þ ðk2Þ2 þ 4ðk3Þ2

q A2

and

A1 ¼ �
�k2 þ k1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2 � 2k1k2 þ ðk2Þ2 þ 4ðk3Þ2

q

2k3

A2

ð25Þ

and for the frequency x2 we have the following

relationship:

A1 ¼�
2k3

�k1þ k2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2� 2k1k2þðk2Þ2þ 4ðk3Þ2

q A2

and

! A1 ¼�
�k2þ k1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2� 2k1k2þðk2Þ2þ 4ðk3Þ2

q

2k3

A2

ð26Þ

where A1 and A2 come from the mathematical substitutions

x1 ¼ A1 � ekt and x2 ¼ A2 � ekt.

In Eqs. 25 and 26 are two competing definitions for A1.

These two conditions are only identical for (k3)2 = k1k2 or

k1 = k2. For us, k1 = k2 is relevant. For this case we get

from (25) and (26) A1 = A2, which makes sense.

From the equation of motion 13 it can be seen that the

possible amplitude modulation of both antibody arms is

different (k1 = k2) before the hinge points are used to
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fulfill the required condition k1 = k2. Before this condition

is reached, the oscillator, which is nearer to the antigen, has

higher possible amplitude, and energy is led into the

movement of the arms. This leads to the use of the hinge

points and the angular motion of the antibody arms until

the condition k1 = k2 is fulfilled. The antibody is always

moving the arms via the hinge points so that the antigen is

located in the bisector of the angle (a1 ? a2), which is built

by both antibody arms. The antibody arms are pulling the

antibody body until it is also in the direction of the bisector.

The now following complete calculation is done for the

case in which the antigen is straight ahead of the antibody,

which is very similar to the case in which the antigen is in

the direction of the bisector of the antibody arms.

For this case we get as possible solutions:

x1 ¼ x2 ¼ A1 � eix1t; x1 ¼ x2 ¼ A1 � e�ix1t

x1 ¼ �x2 ¼ A1 � eix2t; x1 ¼ �x2 ¼ A1 � e�ix2t
ð27Þ

The result of the differential equation is a combination

of linear independent homogeneous results. We get:

x1 ¼ C1 � eix1t þ C2 � e�ix1t þ C3 � eix2t þ C4 � e�ix2t

x2 ¼ C1 � eix1t þ C2 � e�ix1t � C3 � eix2t � C4 � e�ix2t

Ci 2 C

ð28Þ

Using eixt ¼ cos xtþ j sin xt; e�ixt ¼ cos xt� j sin xt

we can calculate the oscillation of both oscillator arms

with A = A1 = A2:

x1 ¼
A

2
cosðx1t þ /1Þ þ cosðx2t þ /2Þð Þ

x1 ¼
A

2
cos

ðx1 þ x2Þt þ /1 þ /2

2

� ��

cos
ðx1 � x2Þt þ ð/1 � /2Þ

2

� ��

x2 ¼
A

2
cosðx1t þ /1Þ � cosðx2t þ /2Þð Þ

x2 ¼ �
A

2
sin
ðx1 þ x2Þt þ /1 þ /2

2

� ��

sin
ðx1 � x2Þt þ ð/1 � /2Þ

2

� ��

ð29Þ

Appendix 8 shows the calculation with more details. In

Eq. 29 it can be seen that both oscillators of the antibody

arms have a phase difference of 90� and that there is a

permanent energy transport from one oscillator arm to the

other with the angular frequency (x1 - x2)/2. The

oscillators are oscillating with the angular frequency

(x1 ? x2)/2. A negative frequency (x1 - x2)/2 can be

interpreted as a change in the energy transport direction.

For a closed loop regulation of the antibody arms is this an

advantage that makes control of the antibody easier.

It can be seen from Eq. 29 and the appendices that there

are four different cases of oscillation. Figure 7 shows these

different cases. Case A represents the case that no antigen

is detected or an antigen is straight ahead, but the signal is

not strong enough for phase locking.

Fig. 7 Antibody oscillators

identifying the presence of an

antigen. Case A: No antigen is

found. Case B: Antigen is found

on bigger signal antibody arm

side (signal is too low for phase

locking, but hinge points are

used). Case C: Antigen is found

on bigger signal antibody arm

side (signal is phase locked and

hinge points are used). Case D:

Antigen is found straight ahead

(phase is locked)
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Case B shows the case in which the antigen is close to

the arm that is responsible for the bigger oscillation signal.

In this case the signal is not strong enough for phase

locking, but the signal is strong enough for starting an arm

rotation around the hinge points to reach the required

condition k1 = k2 (Please note: in this case Eq. 29 is not

valid because k1 6¼ k2;A1 6¼ A2). After arm rotation has

taken place ða1 6¼ a2Þ; k1 ¼ k2;A1 ¼ A2Þ case A is reached

again. In cases C and D phase locking has taken place. In

case C the antigen is close to the arm that is responsible for

the bigger oscillation signal; in Eq. 29 we have x1 -

x2 = 0 and k3 = 0. The different amplitudes of oscillation

lead to further arm rotation around the hinge points, which

means that the antibody is wobbling, to fulfill the condi-

tions k1 = k2, k3 = 0 until case D is reached (antigen is

straight ahead of the antibody).

Synchronous rotation of the antibody

The phase locking model described above only works in

2D space, but it will lose phase locking if it is moving.

Thus, there must be an additional mechanism that makes

3D detection of the antigen possible without losing

phase. If the antibody is moving with speed _x we get for the

phase u:

u ¼ _x � t
k

2p ð30Þ

with t: time, _x: speed of the antibody, k: wavelength in the

medium.

If the antibody is moving without rotation, the antibody

must change its residual phase by changing its oscillation.

This needs a lot of energy. But if the antibody is rotating

synchronously to its speed, the phase can be changed

without need of additional energy. In addition to this, the

antibody is able to detect the antigen in the 3D space.

Phase locking has the following requirements for rotation

speed _q:

_q ¼ 2p � _x

k
¼ 4p2 � _x � x

nTHz � c
ð31Þ

with c: light speed, _x: speed of the antibody, k: wavelength

in the medium, nTHz: real part of the refractive index of the

ambient medium, x: angular frequency.

For rotation the light chains of the antibody need to be

located at positions where they also produce a rotation

movement of the antibody. Looking at the molecular

structures of a real antibody5 we found a structure that will

produce in addition to a forward movement a rotation

movement. Proteins are known to bring water molecules

into the status of synchronous THz oscillation (Ebbinghaus

et al. 2010). We think that the same mechanism is valid for

antibodies. Assuming the case that the antigen is straight

ahead, then the water molecules are oscillating in front of

and behind the antibody arms. This leads to a local gradient

of the wave front of oscillation, because the oscillation of

both arms has a phase difference of 90�. The wave front of

oscillation looks like a part of a screw winding (Fig. 8).

And it acts like a screw winding. The phase shift of the

wave front is the reason for the synchronous rotation of the

antibody. Synchronous oscillation of the water molecules

generates optimal power for the antibody movement.

There are some additional effects. The rotation of the

antibodies stabilizes the movement of the antibodies over

the gyroscope effect, and the oscillation of water increases

the signal-to-noise ratio because water molecules are

dipoles. Between antibody and antigen are many water

dipoles oscillating in phase. Disturbing effects can have an

influence on parts of this information channel between the

antibody and antigen but have no influence on the complete

system. If phase locking has taken place, then a small

disturbing effect is healed by the inertia of oscillating

elements. The disturbing effect must be put in relation to

all oscillating elements (antigen, antibody arms and water

dipoles). Therefore, it is relatively small.

If the distance between the antigen and antibody is less than

the required minimal distance, the antibody detects the antigen

and carries out phase locking. At first the antibody makes a

wobbling movement until the antigen is straight ahead of the

antibody arms (Fig. 9). Then a synchronous oscillation of the

water molecule dipoles starts until a stable communication

channel is installed between antibody and antigen. This stable

communication can be interpreted as an extremely small AC

current (alternating current) that oscillates in the THz fre-

quency range. The arm angles of the antibody will be per-

manently adapted to the strength of the received signal.

In our experiment, energy for this in phase oscillation of

water molecules comes mainly from the large number of

antigens on the substrate. Water is a strong absorber for

THz waves. Assuming an absorption coefficient of about

230 we calculate an intensity reduction of the signal of

10-20 and a reduction of the electrical field strength of

10-10 for an antigen-antibody distance of 2 mm. In our

experiment we had a concentration of an expected

100,000–1700,000 antigens/lm2 on the substrate. For a

distance of 2 mm to the substrate, the antibody detects the

combined electrical field from an antigen area of about

1 mm2. In this area are about 1011–1.7 9 1012 antigens that

are interacting with the antibody. This large number of

antigens creates a field that is stronger by a factor of 1011–

1.7 9 1012 than the field of a single antigen, and the field

5 http://pathmicro.med.sc.edu/mayer/IgStruct2000.htm

Structure shown in rotating Fig. 2d (Fig. 2d rotates right handed for

better viewing of the molecular structure; if moving to the antigen this

molecule would rotate left handed according to our theory).
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reduction of 10-10 will be totally compensated by the large

number of antigens on the substrate. The antibody receives

a strong electric THz signal.

For IgA and IgM antibodies it is also possible to con-

struct a mechanism that shows a synchronous rotation for

phase locking. In the case of IgA antibodies the rotation

speed is half that of IgE, IgG or IgD antibodies (assuming

the same oscillation frequency); in case of IgM antibodies,

the rotation speed is reduced by a factor of five. The

antibody rotation speed has a linear influence on the speed

in the liquid. An IgG antibody moves five times faster than

an IgM antibody (assuming the same oscillation

frequency). However, IgA and IgM antibodies have larger

moments of inertia as IgG antibodies, so they can transport

a bigger load without losing synchronization.

Effect of the moment of inertia

Synchronous rotation of the antibody is only possible if the

moment of inertia is not too big. If antibodies are labeled

with a 40-nm gold particle as shown in Fig. 10, the

moment of inertia increases significantly compared to the

moment of inertia of the sole antibody.

Fig. 8 Wave front of

oscillation (principle without

correct scaling)

Fig. 9 Antibody movements

after detecting an antigen

Eur Biophys J (2011) 40:987–1005 997

123



The marked antibody is no longer able to rotate syn-

chronously because the moment of inertia would require

rotational forces that cannot be supplied by the antibody,

and so the antibody loses phase locking. This leads to the

binding characteristic shown in Fig. 2, which can be

described by classical binding theory.

We assume that the rotation of antibodies is very sen-

sitive to external loads. Even labeled antibodies with very

small loads such as fluoresein tracers cannot be brought

into phase locking condition, so the long distance interac-

tion does not exist for this case.

Required molecular size of oscillators

The size of a molecular oscillator depends on the oscilla-

tion frequency. From Schoenauer et al. (2005) it can be

calculated from the force-elongation diagram that spring

constants between 2 9 10-4 and 8.6 9 10-3 N/m are

found for real biomolecules with progressive spring char-

acteristics. Bigger spring constants can be calculated from

other force-elongation diagrams (Grandi et al. 2006). Here

we found a spring constant of 3.5 N/m for K2, K3, K3 and

K4 ANG domains, and 9 9 109 N/m for an unfolded

molecule. This shows that in reality a large range of spring

constants exists. In general it can be said that folded

molecules have a small spring constant, and unfolded

molecules have a high spring constant (disulfide bridges

must have a very high spring constant).

To realize an oscillation frequency of 1 THz, an antigen

with a simple spring-mass system as oscillator can have for

example an effective oscillating mass of 1,000 Da and a

spring constant of 0.042 N/m (see Eq. 32).

f ¼ 1

2p

ffiffiffiffi
c

m

r
ð32Þ

with f: frequency, c: spring constant, m: mass.

In an antibody arm larger masses are oscillating. We

think each domain is a single spring-mass oscillator, and

the arms (heavy and light chain connection) are designed as

flexural resonators, where the oscillation frequency

depends on the stiffness of the connecting disulfide bridge.

A domain oscillator may have an effective oscillation mass

of 12,000 Da. In that case the spring constant would be

0.5 N/m.

This example shows that our model makes sense even if

the total masses of the antigen and antibody are totally

different.

Conclusion

Biomolecules have an elastic structure and have a mass.

They will start oscillating if hit by other molecules in a

liquid. For calculation the well-known mathematics of

technical mechanics can be transferred to the calculation of

molecule oscillators.

A longitudinal electric THz field is created if the

oscillating masses in the molecule are electrically charged.

This is comparable with GHz oscillators, which are known

from high frequency electronics. The required mathematics

is well known for GHz high frequency and can also be used

directly for calculation of the THz field.

Phase locking is also a well-known principle in high

frequency techniques and optics. Therefore, the theory

presented in this paper is based on well-known physics and

mathematics. Only the application to antigens and anti-

bodies is new. It is known that each system that consists of

a mass and a spring starts oscillation if it is hit by other

parts. The Brownian movement is defined as moving of

parts. Therefore, they will hit the antigens, which lead to

oscillation of the antigens. For oscillation in the THz fre-

quency range the springs must have an adequate spring

constant, which means that the antigens have a required

minimal size for the required spring constants. It is com-

monly known that antigens that are too small show no

immunogenicity. The minimal size of an antigen is in the

range of 3.5 nm 9 1 nm 9 0.6 nm. This is large enough to

create a spring with the required spring constant. Oscilla-

tion in the THz range is possible with this spring dimen-

sion. A longitudinal electric field will be created

automatically if the oscillating mass is electrically charged.

This electric field created by antigens is detected by anti-

bodies that also have two or more electrically charged

oscillators. To detect the electrical fields of antigens in the

3D space, the antibodies must rotate. If antibodies have

Fig. 10 Antibody with 40-nm gold particle. In reality the surface of

the gold particle is covered with a large number of antibodies
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detected antigens, phase locking of electrical fields takes

place, and they move with constant speed to the antigens.

The antibodies move the arm angles via the hinge region on

the way to the antigen. A second task of the hinge region is

the compensation of the strong coupling of the electrically

charged antibody arms so that external signals can be

received. The oscillation of the antigens and the antibodies

produces a charge displacement. If phase locking has taken

place, there is a longitudinal wave between the antigen and

antibody. This longitudinal wave can be interpreted as a

small THz-AC current.

We think viruses use similar mechanisms to identify

their targets. A virus has a big load. To make synchronous

rotation with a big load possible, the rotational speed must

be very slow. For a small rotational speed the surface of the

load must have many coupled oscillators with a small

phase shift between neighboring oscillators. With such a

structure the virus rolls on the wave that is created by

antigens. In this case antibodies that are docking on the

virus have the task of changing the moment of inertia of the

virus so that it cannot role synchronously on the wave that

is created by the antigens (the targets of the virus). The

virus is no longer able to detect the antigens.

We think that our model of phase locking of longitu-

dinal electric THz fields can also be applied to the folding

process of biomolecules such as proteins. The folding of

molecules is an effective method to reduce the spring

constant of molecular oscillators so that they can oscillate

in the THz range. Each structural domain can be a local

THz oscillator that makes a definite movement possible.

This definite movement can be part of the folding process.

Consequently applied, this model of phase locking, in

combination with other known forces and chemical effects,

would reduce the number of folding possibilities of a

protein to one.

The long distance interaction between antibodies and

antigens could be an explanation for the effect that in

medicine is called immunogenicity.

Appendix 1: Energy supply

Energy supply for molecular oscillators

The basis of this theory is that the antigen has at least one

oscillating structure and the antibody has two oscillating

arms. But these structures can oscillate only if an energy

supply comes from other components. We think energy is

coming from parts (Brownian movement, mainly water

molecules) in the liquid. If a part hits the mass of a

molecular oscillator, the oscillator starts oscillating. The

damped oscillator can be described by the equation of

motion:

m€xþ d _xþ cx ¼ uðtÞ ð33Þ

with m: mass, d: damping constant, c: spring constant and

u(t): time-dependent function.

Laplace transformation of Eq. 33 gives the transfer

function G(s):

GðsÞ ¼ XðsÞ
UðsÞ ¼ Lðm€xþ d _xþ cxÞ ¼ 1

m � s2 þ d � sþ c
ð34Þ

The collision is a small energy pulse, which is in the

ideal case a Dirac pulse U(s) = 1. Now X(s) and x(t) can be

calculated.

XðsÞ ¼ GðsÞ � UðsÞ

XðsÞ ¼ 1

ms2 þ d � sþ c
� 1 ¼ 1=m

s2 þ d=m � sþ c=m

¼ XðsÞ ¼ 1

m
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c � m� d2=4
p �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c � m� d2=4

p
sþ d=2

m

	 
2

þ c�m�d2=4

m2

	 


) xðtÞ ¼ e
�d
2mt

m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c � m� d2=4

p sinðxtÞ

with :

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c � m� d2=4

m2

r
ð35Þ

x is the angular frequency of the oscillator.

After the collision the damped oscillator begins with

oscillation. This means the antigen and the antibody arms

will start oscillating automatically in a liquid with Brownian

movement, if the condition c � m [ d2/4 is fulfilled.

Appendix 2: Principle of linear momentum

(motor and drive of the antibody)

According to our theory an antibody must have a motor.

This motor drives the antibody so that it can reach the

antigen in short time. We think the principle of linear

momentum of an oscillator is used as motor and drive. The

principle is demonstrated by reducing the heavy and the

light chain of an antibody to two different masses (Fig. 5,

m3 and m2).

A molecular oscillator is bound to a second mass so that

the oscillator is defined by a mass-spring-mass system. One

of the masses is bigger than the other. The bigger mass

represents the heavy chain and the lighter mass the light

chain of the antibody. In a liquid both masses (heavy and

light chain of the antibody) are hit by the same number and

size of parts from Brownian movement (the masses are hit

mainly by water molecules). This brings energy to the
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system. It can be mathematically proven that the energy

transfer is independent of the amplitude of oscillation if the

spring constant is linear. Then the energy transfer depends

only on the match of masses. Figure 5 shows the case that

m1 hits the mass m2 and m4 hits the mass m3 at the same

moment.

The sum of energy and linear momentum before and

after the hits must be the same.

For _x
0
1, _x

0
2, _x

0
3 and _x

0
4(speeds after collision) we get:

1

2
m1ð _x1Þ2 þ

1

2
m2ð _x2Þ2 ¼

1

2
m1ð _x

0

1
Þ2 þ 1

2
m2ð _x

0

2
Þ2

m1 � _x1 þ m2 � _x2 ¼ m1 � _x
0

1
þ m2 � _x

0

2

) _x
0

1 ¼
ðm1 � m2Þ � _x1 þ 2m2 � _x2

m1 þ m2

) _x
0

2 ¼
ðm2 � m1Þ � _x2 þ 2m1 � _x1

m1 þ m2

ð36Þ

1

2
m3ð _x3Þ2 þ

1

2
m4ð _x4Þ2 ¼

1

2
m3ð _x

0

3Þ
2 þ 1

2
m4ð _x

0

4Þ
2

m3 � _x3 þ m4 � _x4 ¼ m3 � _x
0

3 þ m4 � _x
0

4

) _x
0

3 ¼
ðm3 � m4Þ � _x3 þ 2m4 � _x4

m3 þ m4

) _x
0

4 ¼
ðm4 � m3Þ � _x4 þ 2m3 � _x3

m3 þ m4

ð37Þ

For the energy E2 brought into the system over mass m2

and energy E3 brought into the system via mass m3 we

have:

E2 ¼
1

2
m2 ð _x

0

2Þ
2 � ð _x2Þ2

	 


E2 ¼
m2

2

ðm2 � m1Þ � _x2 þ 2m1 � _x1

m1 þ m2

� �2

�ð _x2Þ2
 ! ð38Þ

E3¼
1

2
m3 ð _x

0

3Þ
2�ð _x3Þ2

	 


E3¼
m3

2

ðm3�m4Þ� _x3þ2m4 � _x4

m3þm4

� �2

�ð _x3Þ2
 !

E3¼
m3

2

�4m4m3ð _x3Þ2þ4 m4ð Þ2ð _x4Þ2þ4m4ðm3�m4Þ _x3 _x4

m3þm4ð Þ2

 !

ð39Þ

A good mass match for maximal energy transfer is given

for m1 = m2, a bad mass match for minimal energy transfer

for m2 � m1. With m = m1 = m3 = m4 and _x2¼ _x3

Eqs. 38 and 39 give:

E2 ¼
m

2
_x1ð Þ2� _x2ð Þ2

	 


E2 ¼
m

2
_x1ð Þ2�

m

2
_x2ð Þ2

E3 ¼
m3

2

�4m � m3ð _x3Þ2 þ 4m2ð _x1Þ2 þ 4mðm3 � mÞ _x3 _x1

m3 þ mð Þ2

 !

E3 ¼
m3

2

�4m � m3ð _x3Þ2 þ 4mðm3 � mÞ _x3 _x1

m3 þ mð Þ2

 !

þ m3

2

4m2ð _x1Þ2

m3 þ mð Þ2
ð40Þ

The masses m3 and m4 are oscillating. This oscillation

can be described by:

_x2 ¼ A2 sin a2

_x3 ¼ A3 sin a3

ð41Þ

if the spring constant is linear.

After inserting Eq. 41 in Eq. 40 differentiation gives:

oE2

oa2

¼�mðA2Þ2 sina2 cosa2

oE3

oa3

¼m3

2

�8 A3ð Þ2m �m3 sina3 cosa3þ 4A3mðm3�mÞ _x1 cosa3

m3þmð Þ2

 !

ð42Þ

Now it follows from Eqs. 40, 41 and 42 after one

oscillation period:

E2 ¼
m

2
ð _x1Þ2 �

Z2p

0

ðm A2ð Þ2sin a2 cos a2Þda2

E2 ¼
m

2
ð _x1Þ2

ð43Þ

E3¼
m3

2
� 2m2 _x1ð Þ2

m3þmð Þ2
þ
Z2p

0

m3

2

�8 A3ð Þ2m �m3 sina3 cosa3þ4A3mðm3�mÞ _x1 cosa3

m3þmð Þ2

 !
da3

E3¼
m3

2
� 2m2 _x1ð Þ2

m3þmð Þ2
ð44Þ

The energy difference DE = E2 - E3 is responsible for

a movement of the mass-spring-mass system.
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We get for DE:

DE ¼ m

2
� m3

2

2m2

m3 þ mð Þ2

 ! !
� _x1ð Þ2 ð45Þ

For m3 [ m we always get DE [ 0.

Appendix 3: Oscillation control of principle of linear

momentum (steering of an antibody)

If a biological macromolecule like an antibody uses the

principle of linear momentum for driving the molecule, it

makes sense that the principle of linear momentum can be

controlled by another quantity. The amplitude of oscilla-

tion can be such a quantity. Figure 5 shows two masses that

are connected by a spring; one of these masses represents

the heavy chain of the antibody (m3) and the other mass

represents the light chain of the antibody (m2). If the mass-

spring-mass system has a linear spring characteristic, it is

not possible to control the forward movement by the

amplitude of oscillation. This changes if the spring shows

nonlinear (progressive) behavior likes a rubber band (see

spring characteristic, Fig. 5). We think molecular bindings

often have a progressive spring characteristic like a rubber

band. This type of progressive spring characteristic has

already been found for biological macromolecules (Scho-

enauer et al. 2005). The spring constant varies in the

described example between 2 9 10-4 N/m and 8.6 9 10-3

N/m.

For the two extreme positions (minimal and maximal

position of x2 and x3) the masses m1 = m and m4 = m both

see the mass combination m2 ? m3 = m ? m3. We now

have for the extreme positions no driving power (DE = 0).

For the position where the spring is not spanned the driving

power still exists. The systematic movement depends now

on the amplitude of oscillation. Minimal oscillation

amplitude gives maximal movement; maximal oscillation

amplitude gives minimal movement. The movement

always goes in the direction of the bigger mass (heavy

chain). This shows that an antibody can be steered simply

by controlling the oscillation amplitude of both antibody

arms.

Appendix 4: Calculation of the differential quotients
oF0ðx1Þ

ox2
and oF0ðx2Þ

ox1

For the interaction force F0 between the two oscillating

masses of the antibody we get:

F0 ¼ �F0ðGÞ þ F0ðEÞ ¼
�Gcorrm

2 þ kcorrq
2

D2

with:

DPhys ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l� x1 � x2Þ2 � sin2 aþ ðx1 � x2Þ2 � cos2 a

q

D ¼ nTHz � DPhys

jRe ¼ ðReðeTHzÞ � ReðlTHzÞ � ImðeTHzÞ � ImðlTHzÞ
jIm ¼ ðReðeTHzÞ � ImðlTHzÞ þ ImðeTHzÞ � ReðlTHzÞ

nTHz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jReð Þ2þ jImð Þ2

q
þ jRe

r

kTHz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jReð Þ2þ jImð Þ2

q
� jRe

r

Gcorr ¼ G � nTHz

G ¼ 6:67428 � 10�11 Nm2

kg2

kcorr ¼ ke � e�kTHz

ke ¼ 8:98755178 � 109 Nm2

C
ð46Þ

eTHz: Relative permittivity of ambient medium (complex

value), lTHz: relative permeability of the ambient medium,

jRe: real part of effective permittivity of ambient medium,

jIm: imaginary part of effective permittivity of ambient

medium, nTHz: real part of refractive index of the ambient

medium, kTHz: imaginary part of the refractive index of the

ambient medium, DPhys: physical distance, D: optical

distance.

The gravitation force component F0(G) and the coulomb

force component F0(E) have different directions.

After splitting the force F0 into components in x1 and x2

direction F0(x1), and F0(x2) we have:

F0ðx1Þ ¼ �F0 sinða� hÞ
F0ðx2Þ ¼ �F0 sinðaþ hÞ
with:

h ¼ arctan
ðx1 � x2Þ

ð2l� x1 � x2Þ tan a

� �
ð47Þ

For small movements x1\\l; x2\\l; h � 0 we can

find:

F0 ¼
�Gcorrm

2 þ kcorrq
2

nTHzð Þ2ð2l� x1 � x2Þ2 sin2 aþ ðx1 � x2Þ2 cos2 a

ð48Þ

h � x1 � x2

2l � tan a
ð49Þ

Then we get from Eq. 47 for the coupling of the arm

oscillators:
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It follows:
oF0ðx1Þ

ox2
� oF0ðx2Þ

ox1
:

Appendix 5: Calculation of the differential quotients
oF1ðx1Þ

ox1
and oF2ðx2Þ

ox2

If the optical distance d to the antigen is long in relation to

D it can be simplified:

c � 0�

d � 0�

d1 ¼ nTHz � z1 � d2 ¼ nTHz � z2 � d ¼ nTHz � z

F1j j
F1

¼ F2j j
F2

ð52Þ

nTHz: Real part of refractive index of the ambient medium.

Then we get for F1 and F2:

F1 �
�GcorrM � mþ kcorrQ � q
ðd þ x1 � nTHz � cos aÞ2

ð53Þ

F2 �
�GcorrM � mþ kcorrQ � q
ðd þ x2 � nTHz � cos aÞ2

ð54Þ

For the force component in x1 and x2 direction it

follows:

F1ðx1Þ ¼ F1ðcos a � cos c� sin a � sin cÞ

� �GcorrM � mþ kcorrQ � q
ðd þ x1 � nTHz � cos aÞ2

cosðaþ cÞ ð55Þ

F2ðx2Þ ¼ F2ðcos a � cos cþ sin a � sin cÞ

� �GcorrM � mþ kcorr � Q � q
ðd þ x2 � nTHz � cos aÞ2

cosða� cÞ ð56Þ

After differentiation we get from Eq. 55 and Eq. 56:

oF1ðx1Þ
ox1

��2nTHz �GcorrM �mþkcorrQ �qð Þcosa �cosðaþcÞ
ðdþx1 �nTHz �cosaÞ3

oF1ðx1Þ
ox1

��2nTHz �GcorrM �mþkcorrQ �qð Þcosa �cosðaþcÞ
d3

ð57Þ

F0ðx1Þ ¼ �F0 sinða� hÞ
F0ðx1Þ ¼ �F0 sin a � cos h� cos a � sin hð Þ

F0ðx1Þ � �F0 sin aþ F0 cos a
x1 � x2

2l � tan a
oF0ðx1Þ

ox2

� �2 � nTHzð Þ2sin a
�GCorrm

2 þ kcorrq
2ð Þ � x1 � x2ð Þ cos2 aþ 2l� x1 � x2ð Þ sin2 a
� �

D4

þ nTHzð Þ2cos a
�GCorrm

2 þ kcorrq
2ð Þ � x1 � x2ð Þ cos2 aþ 2l� x1 � x2ð Þ sin2 a
� �

l � tan a � D4

� cos a
�GCorrm

2 þ kcorrq
2ð Þ

2l � tan a � D2

oF0ðx1Þ
ox2

� �2 � nTHzð Þ2� sin3 a � 2l� x1 � x2ð Þ �GCorrm
2 þ kcorrq

2ð Þ
D4

� cos a
�GCorrm

2 þ kcorrq
2ð Þ

2l � tan a � D2

ð50Þ

F0ðx2Þ ¼ �F0 sinðaþ hÞ
F0ðx2Þ ¼ �F0 sin a � cos hþ cos a � sin hð Þ

F0ðx2Þ � �F0 sin a� F0 cos a
x1 � x2

2l � tan a
oF0ðx2Þ

ox1

� �2 � nTHzð Þ2sin a
�GCorrm

2 þ kcorrq
2ð Þ � � x1 � x2ð Þ cos2 aþ 2l� x1 � x2ð Þ sin2 a
� �

D4

þ nTHzð Þ2cos a
�GCorrm

2 þ kcorrq
2ð Þ � � x1 � x2ð Þ cos2 aþ 2l� x1 � x2ð Þ sin2 a
� �

l � tan a � D4

� cos a
�GCorrm

2 þ kcorrq
2ð Þ

2l � tan a � D2

oF0ðx2Þ
ox1

� �2 � nTHzð Þ2sin3 a 2l� x1 � x2ð Þ �GCorrm
2 þ kcorrq

2ð Þ
D4

� cos a
�GCorrm

2 þ kcorrq
2ð Þ

2l � tan a � D2

ð51Þ
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oF2ðx2Þ
ox2

��2nTHz �GcorrM �mþkcorrQ �qð Þcosa �cosða�cÞ
ðdþx2 �nTHz �cosaÞ3

oF2ðx2Þ
ox2

��2nTHz �GcorrM �mþkcorrQ �qð Þcosacosða�cÞ
d3

ð58Þ

Appendix 6: Calculation of the eigenvalue equation

The equation of motion received from Fig. 6 gives:

m€x1 þ c1ðx1 � y1Þ þ c2yþ oF0ðx1Þ
ox2

x2 þ
oF1ðx1Þ

ox1

x1 ¼ 0

m€x2 þ c1ðx2 � y2Þ þ c2yþ oF0ðx2Þ
ox1

x1 þ
oF2ðx2Þ

ox2

x2 ¼ 0

with:

y ¼ y1 cos a ¼ y2 cos a

x1c1 cos aþ x2c1 cos a ¼ yc2

y ¼ c1 cos a
c2

ðx1 þ x2Þ ð59Þ

From (59) we get:

m€x1þ c1 x1�
c1

c2

ðx1þ x2Þ
� �

þ c1 cosaðx1þ x2Þ þ
oF0ðx1Þ

ox2

x2þ
oF1ðx1Þ

ox1

x1 ¼ 0

m€x1þ c1 1þ cosa� c1

c2

� �
þ oF1

ox1

� �
x1

� c1

c1

c2

� cosa

� �
� oF0ðx1Þ

ox2

� �
x2 ¼ 0

m€x2þ c1 x2�
c1

c2

ðx1þ x2Þ
� �

þ c1 cosaðx1þ x2Þ

þ oF0ðx2Þ
ox1

x1þ
oF2ðx2Þ

ox2

x2 ¼ 0

m€x2þ c1 1þ cosa� c1

c2

� �
þ oF2

ox2

� �
x2

� c1

c1

c2

� cosa

� �
� oF0ðx2Þ

ox1

� �
x1 ¼ 0

ð60Þ

Important is that
oF0ðx1Þ

ox2
and

oF0ðx2Þ
ox1

are negative because

kcorrq
2 � Gcorrm

2. So the strong electrical coupling of the

antibody arms is compensated by spring c2. This makes

phase locking to external electromagnetic fields possible.

With the mathematical substitutions x1 ¼ A1ekt and x2 ¼
A2ekt we get from Eq. 60:

mk2A1ekt þ c1 1þ cos a� c1

c2

� �
þ oF1ðx1Þ

ox1

� �
A1ekt

� c1

c1

c2

� cos a

� �
� oF0ðx1Þ

ox2

� �
A2ekt ¼ 0

mk2A2ekt þ c1 1þ cos a� c1

c2

� �
þ oF2ðx2Þ

ox2

� �
A2ekt

� c1

c1

c2

� cos a

� �
� oF0ðx2Þ

ox1

� �
A1ekt ¼ 0

ð61Þ

This is a linear equation system with two unknown

quantities A1 and A2. Equation 61 can be written in the

matrix form:

For getting non-trivial solutions for k the determinate of
�Tmust be 0:

det �Tð Þ ¼ mk2 þ c1 1þ cos a� c1

c2

� �
þ oF1ðx1Þ

ox1

� �� �

� mk2 þ c1 1þ cos a� c1

c2

� �
þ oF2ðx2Þ

ox2

� �� �

� c1

c1

c2

� cos a

� �
� oF0ðx2Þ

ox1

� �

� c1

c1

c2

� cos a

� �
� oF0ðx1Þ

ox2

� �
¼ 0 ð63Þ

Appendix 7: Calculation of the A1 5 f(A2)

relationship

The relevant relationship can be calculated from the matrix

form of the equation of motion.

�T � A~ ¼ 0~¼

mk2 þ c1 1þ cos a� c1

c2

	 

þ oF1ðx1Þ

ox1

h i
� c1

c1

c2
� cos a

	 

� oF0ðx1Þ

ox2

h i

� c1
c1

c2
� cos a

	 

� oF0ðx2Þ

ox1

h i
mk2 þ c1 1þ cos a� c2

c2

	 

þ oF2ðx2Þ

ox2

h i
2
64

3
75 � A1

A2

� �
¼

0

0

� � ð62Þ
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With k1ð Þ2¼ �ðx1Þ2 we get from (15) (18), and (62):

��k1þk2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1
�2k1k2þk2

2
þ4k2

3

p
2

�k3

�k3 ��k2þk1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1
�2k1k2þk2

2
þ4k2

3

p
2

2
64

3
75

�
A1

A2

" #
¼

0

0

" #

! A1 ¼�
2k3

�k1þ k2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2� 2k1k2þ ðk2Þ2þ 4ðk3Þ2

q A2

and

! A1 ¼�
�k2þ k1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2� 2k1k2þ ðk2Þ2þ 4ðk3Þ2

q

2k3

A2

ð64Þ

With k2ð Þ2¼�ðx2Þ2 we get from (15) (18), and (62):

��k1þk2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1
�2k1k2þk2

2
þ4k2

3

p
2

�k3

�k3 ��k2þk1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

1
�2k1k2þk2

2
þ4k2

3

p
2

2
64

3
75

�
A1

A2

" #
¼

0

0

" #

! A1 ¼�
2k3

�k1þ k2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2� 2k1k2þ ðk2Þ2þ 4ðk3Þ2

q A2

and

! A1 ¼�
�k2þ k1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk1Þ2� 2k1k2þ ðk2Þ2þ 4ðk3Þ2

q

2k3

A2

ð65Þ

Appendix 8: Calculation of coupled arm oscillations

The now following complete calculation is done for the

case that the antigen is straight ahead of the antibody. For

this case we get as possible solutions:

x1 ¼ x2 ¼ A1 � eix1t; x1 ¼ x2 ¼ A1 � e�ix1t

x1 ¼ �x2 ¼ A1 � eix2t; x1 ¼ �x2 ¼ A1 � e�ix2t
ð66Þ

The result of the differential equation is a combination

of linear independent homogeneous results. We get:

x1 ¼ C1 � eix1t þ C2 � e�ix1t þ C3 � eix2a þ C4 � e�ix2t

x2 ¼ C1 � eix1t þ C2 � e�ix1t � C3 � eix2t � C4 � e�ix2t

Ci 2 C

ð67Þ

By use of eixt ¼ cos xtþ j sin xt; e�ixt ¼ cos xt�
j sin xt we can transform (67) to

x1 ¼ B1 � cosðx1t þ /1Þ þ B2 � cosðx2t þ /2Þ
x2 ¼ B1 � cosðx1t þ /1Þ � B2 � cosðx2t þ /2Þ

ð68Þ

To prove this we bring the results into one form by the

following substitutions:

nþ ¼ x1 þ x2

n� ¼ x1 � x2

ð69Þ

With:

k1 ¼ c1 1þ cos a� c1

c2

� �
þ oF1ðx1Þ

ox1

¼ k2

k2 ¼ c1 1þ cos a� c1

c2

� �
þ oF2ðx2Þ

ox2

k3 ¼ c1

c1

c2

� cos a

� �
� oF0ðx2Þ

ox1

ð70Þ

we obtain in our new system:

m€nþ ¼ m
o2nþ

ot2
¼ m€x1 þ m€x2

m€nþ ¼ �ðk1 � k3Þðx1 þ x2Þ ¼ �ðk1 � k3Þnþ

m€nþ ¼ �2B1ðk1 � k3Þ cosðx1t þ /1Þ

m€n� ¼ m
o2n�

ot2
¼ m€x1 � m€x2

m€n� ¼ �ðk1 þ k3Þðx1 � x2Þ ¼ �ðk1 þ k3Þn�

m€n� ¼ �2B2ðk1 þ k3Þ cosðx2t þ /2Þ ð71Þ

It follows:

nþ ¼
ZZ �2B1ðk1 � k3Þ

m
cosðx1t þ /1Þ

� �
dtdt

¼ A1 cosðx1t þ /1Þ

n� ¼
ZZ �2B2ðk1 þ k3Þ

m
cosðx2t þ /2Þ

� �
dtdt

¼ A2 cosðx2t þ /2Þ

with:

A1 ¼
2B1ðk1 � k3Þ

m x1ð Þ2
¼ 2B1

A2 ¼
2B1ðk1 þ k3Þ

m x2ð Þ2
¼ 2B2

x1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 � k3

m

r

x2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 þ k3

m

r

A1; A2; /2 2 R

ð72Þ
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Then we get with A = A1 = A2:

x1¼
nþþn�

2
¼A

2
cosðx1tþ/1Þþ cosðx2tþ/2Þð Þ

x1¼
A

2
cos

ðx1þx2Þtþ/1þ/2

2

� �

cos
ðx1�x2Þtþð/1

�/2Þ
2

� �

x2¼
nþ�n�

2
¼A

2
cosðx1tþ/1Þ� cosðx2tþ/2Þð Þ

x2¼�
A

2
sin
ðx1þx2Þtþ/1þ/2

2

� �

sin
ðx1�x2Þtþð/1�/2Þ

2

� �

ð73Þ
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